An extended Nambu-Jona-Lasinio (NJL) model with chiral group U (2) × U (2) and spin-0 and spin-1 four quark interactions is used to develop the gauge covariant approach to the diagonalization of the π − a1 mixing in the presence of electroweak forces. This allows for manifestly gauge covariant description of both the non-anomalous and anomalous parts of the effective Lagrangian. It is shown that in the non-anomalous sector the theory is equivalent to the standard non-covariant approach. However, there are indications that the theory differs from the standard one in the anomalous sector.
I. INTRODUCTION
In the Nambu -Jona-Lasinio model [1, 2] the mixing of pseudoscalar and axial-vector bound states, p−a µ mixing [3, 4] , is an inevitable concomitant of spontaneous chiral symmetry breaking. Similar mixing takes also place in the majority of chiral effective Lagrangians with spin-1 states [5] [6] [7] [8] [the alternative option is the description of massive spin-1 fields in terms of antisymmetric tensors [9] [10] [11] [12] ; this approach is free from p − a µ mixing, but is less popular in phenomenological particle physics].
Our main concern here are theories with the usual vector field formulation in which chirality is treated as an ordinary linear symmetry broken by the vacuum. In particular, the NJL model is used to elucidate the approach. Our main goal is a covariant p − a µ diagonalization of the effective meson Lagrangian in presence of SU (2) L × U (1) R gauge invariant electroweak interactions of quarks, and as a consequence, of mesons.
Since the gauge group is a subgroup of the chiral SU (2) L × SU (2) R group, the latter is chosen as a symmetry of the NJL quark Lagrangian. This simplified approach [there are no strange quarks] makes calculations more transparent. According to this plan, we will focus mainly on the most important points: the clear formulation of the main idea, the gauge transformation laws of the fields involved, the structure of the non-anomalous part of the total effective action and the proof of its equivalence to the standard one [13] [14] [15] [16] [17] .
Although in this paper the anomalous part of the effective action is not considered, we argue that the main profit from our approach is expected to occur for the anomalous sector of the theory. This issue will be discussed in detail elsewhere. Let us also note that the material presented here will be considered in detail in the forthcoming paper [18] . * aaosipov@jinr.ru † brigitte@fis.uc.pt ‡ zhpm@impcas.ac.cn
The reason why a covariant p − a µ diagonalization is preferable to the standard (non-covariant) one
is easy. In presence of gauge symmetry the ordinary derivative ∂ µ p violates it. In (1) κ is a constant, m is the constituent quark mass, a µ = a µa τ a , p = p a τ a with a = 0, 1, 2, 3, τ 0 = 1, and τ i (i = 1, 2, 3) are the Pauli matrices. Recently this has been demonstrated for the electromagnetic interactions [19, 20] . In particular, it has been shown that the amplitude of the anomalous radiative a 1 (1260) → γπ + π − decay is not gauge invariant if evaluated in the standard approach.
One may ask if these violations of U (1) gauge symmetry only happen in the anomalous sector of the theory. The answer is positive, and in this paper we explain the reason. Additionally, we show that there aren't observable physical consequences between covariant and non-covariant approaches when the non-anomalous electroweak interactions of mesons are considered. It means that the standard approach, which relates to the phenomenologically very successful vector/axial-vector dominance picture, first introduced by [21] [22] [23] [24] [25] [26] , remains unaltered for non-anomalous processes. Unfortunately, we cannot extend this idea to the description of anomalous decays. The above example of the a 1 (1260) → γπ + π − decay is probably not the only case where the vector meson dominance (VMD) approach fails [another example has been found in [27] , where the authors came to the conclusion that the "complete vector meson dominance" hypotesis of photon couplings is invalid in either π 0 → γγ or γ → πππ processes].
In response to this and to probably other existing inconsistencies of the non-covariant approach we develop here a covariant version for the diagonalization procedure to avoid the p − a µ mixing in the effective meson Lagrangian coupled to the electroweak sector.
II. MAIN IDEA
Let us discuss now the main idea of our approach. Instead of (1), we want to construct a manifestly gauge and chiral-covariant replacement. Such replacement should not ruin the standard transformation laws of fields. Under standard we mean fundamental transformations of quark fields and adjoint transformations of meson fields. We use a model with linear realization of chiral symmetry and therefore should consider the meson states to be chiral partners. As a consequence of this fact, if the axial field changes as a µ → a µ + ∆a µ the corresponding replacement in the vector field v µ → v µ + ∆v µ is such that the term ∆v µ is a chiral partner of ∆a µ . Fortunately, for the chiral group this step is known [28, 29] . In the spontaneously broken phase, the following modification of spin-1 fields is required
where the scalar field s is given bys = s − m.
Notice that the two bilinear combinations of scalar and pseudoscalar fields transform like axial-vector and vector fields and are chiral partners with respect to the linear transformations of the chiral group. One can also see that the linear part of Eq. (2) is identical to the replacement (1). So, the price for the apparent chiral-covariant form of the p − a µ diagonalization are the new terms bi-linear in the fields which will not affect the S-matrix elements of the theory on mass shell due to the Chisholm-Kamefuchi-O'Raifeartaigh-Salam theorem [30, 31] . Nonetheless, this representation is more suitable for our second step.
Our second step is motivated by the observation that the above replacements will not be gauge covariant, if the theory possesses also the local gauge symmetry. In this case, one should replace in (2) and (3) the usual derivatives of the pseudoscalar and scalar fields by the SU (2) L × U (1) R gauge covariant ones
The auxiliary fields N µ and K µ are defined as follows
where A µ = A i T i and B µ are gauge fields of the SU (2) L and U (1) R groups of local transformations, correspondingly; T i = τ i /2, and the couplings of electroweak interactions g and g ′ are related to the Weinberg angle θ W as follows: cos θ W = g/ g 2 + (g ′ ) 2 , and sin
of the gauge fields can be introduced through the following transformations
Both derivatives (4) and (5) belong to the adjoint representation of the gauge group and are gauge covariant, because they transform like the ordinary pseudoscalar and scalar fields under SU (2) L × U (1) R .
The replacements (2) and (3) are rendered chiral and gauge covariant through the modifications
where X µ and Y µ must have the form
to be a chiral and gauge covariant objects. One can also check that (9) is the core element of our approach.
III. REALIZATION
To understand how this works, let us apply the above idea to the theory described by the extended U (2)× U (2) NJL Lagrangian in presence of electroweak interactions.
For that we need the vacuum-to-vacuum amplitude of the model. We will write it in the Nambu-Goldstone phase, where the quark fields q(x) get their constituent masses m = diag(m u , m d ) as a result of spontaneous chiral symmetry breaking. In the non-symmetric vacuum, the physical spectrum is represented bybound states: s a ∝qτ a q, p a ∝qiγ 5 τ a q, v µa ∝qγ µ τ a q, and a µa ∝qγ µ γ 5 τ a q. Hence, it is convenient to introduce meson variables in the corresponding functional integral explicitly. This can be done by applying a HubbardStratonovich transformation to rewrite the nonlinear four-quark interactions in terms of Yukawa interactions of quarks with auxiliary boson fields. The corresponding vacuum-to-vacuum amplitude is then given by
where D m is the Dirac operator in presence of background fields
where s = s a τ a , p = p a τ a , v µ = v aµ τ a , a µ = a aµ τ a are the scalar, pseudoscalar, vector and axial vector fields correspondingly. The gauge covariant quark derivative has the form
where the matrix
lates the electromagnetic charges of u and d quarks in relative units of the proton charge e > 0;
and L M1 describe the mass part of the spin-0 and spin-1 fields.
where G S and G V are the couplings of the spin-less and spin-1 four-quark interactions; the matrixm = diag(m u ,m d ) collects the masses of current quarks, and the trace is taken over flavor indices. The Lagrangian density L EW contains only the electroweak part of the theory. In the following, we will not use it in our calculations. For this reason the corresponding expression is not given.
The evaluation of the path integral (12) over quark fields leads to p − a µ mixing through the one quark loop amplitude. The mixing term occurs to be proportional to tr(a µ ∂ µ p). To avoid this unwanted contribution we make the replacement of variables (9) in the path integral. After integration over quarks, the coupling κ is unambiguously fixed by the diagonalization condition. The procedure (9) has the following consequences.
First, it changes the form of the Dirac operator by introducing a set of linear and nonlinear interactions of mesons and gauge fields with quarks
Notice that after such replacement D m does not lose its covariant transformation properties under the action of chiral and gauge groups. This saves the theory from all sorts of possible symmetry breaking effects. Eq. (17) can be rewritten in a more convenient way as follows
where
T ± = (T 1 ± T 2 )/ √ 2, and sin 2 θ W = 0.23. Second, after replacement (9), the Lagrangian density (16) gets some vertices with interactions. We will consider them below, but first let us eliminate the solitary interactions of the photon, Z and W ± bosons with quarks. This is in line with the noted idea of vector/axial-vector meson dominance. We suggest for that a very simple procedure which is markedly different from the quite complicated method used in [13] [14] [15] [16] [17] .
Indeed, the following simple replacements yield the desired result
One can see that the new Γ (V,A) µ functions still contain the gauge fields inside the covariant derivatives in X µ and Y µ . This is a signal that the theory may deviate from the vector and axial-vector dominance. Notice, that such deviation, if it happens, is a direct result of the covariant replacement (9). Now we return to the Lagrangian density L M1 . With redefinitions (9), (21) and (22), which we summarize as v µ →ṽ µ , and a µ →ã µ , the original mass term (16) becomes tr ṽ
and tr ã
Here the following conventions [additionally to Eqs. (10) and (11)] were adopted:
All 4-vectors are elements of the Lie algebra of the U (2) group, e.g., ξ µ = ξ µa τ a . Extracting from (25) and (26) the terms of the second order in powers of fields, and taking into account the standard redefinition of the meson fields, see Eqs. (37)-(39), we arrive at the conventional vector and axial-vector meson dominance results
including mixing of the Z boson with the neutral vector, the axial-vector mesons and the pion
Eq. (28) summarizes the U (2) field-current identities, describing electromagnetic VMD phenomena. Eq. (29) represents the corresponding result for the charged hadronic weak current. Eq. (30) shows weak mixing of neutral spin-1 states with the Z boson. Let us integrate now in (12) over the quark fields. The corresponding Gaussian path integral accounts for the one-quark-loop contribution to the effective action. The result is given by the non-local functional determinant. In particular, the contribution of this chiral determinant to the non-anomalous part of the effective action is given by
where the trace "Tr" should be calculated over color, Dirac, flavor indices and it also includes the integration over coordinates of the Minkowski space-time. The consistent approximation scheme to obtain from the non-local chiral determinant the long wavelength (low-energy) expansion for the effective quasilocal action S is the Schwinger-DeWitt technique [32] [33] [34] . In the following, we will restrict ourselves to the first and second-order Seeley-DeWitt coefficients in such expansion. These coefficients accumulate the divergent part of the effective action, which is regularized here by a covariant ultraviolet cutoff Λ. Let us recall that the result of such calculations is well known [in the sense that the only difference between the expression for D m obtained in [35] and D m here is the replacement of the vector v µ and axial-vector field a µ by Γ (23) and (24) correspondingly]. Thus, we can use that result by writing
The overall factor I 2 = N c f (Λ 2 /m 2 ), with N c being the number of color degrees of freedom; the function f is defined by the regularization. The other notations are
The total effective Lagrangian density of the meson and gauge fields is obtained by adding to the SchwingerDeWitt part L SD (32) the mass term of the spin-0 fields L M0 (15) , and the contribution arising from the mass term of spin-1 fields, after all changes of vector fields are taken into account [the latter correspond to the substitution
Some comments about formula (34) are still in order. To get this Lagrangian density L 0 we have used the gap equation m −m = mG S I 1 , where
2 ) is defined by the regularization. This equation is the condition that removes the unwanted s 0 -tadpole contribution.
The Lagrangian density L tot does not contain p − a µ mixing. This is because of the cancellation which occurs between two different contributions to the non diagonal p − a µ mixing term in L tot . It restricts the numerical value of the parameter κ to be
The free part of the Lagrangian density L tot must display the canonical form. This can be achieved by the redefinition of the field variables
The effective constants g σ , g π , g ρ and masses of meson states are functions of the I 2 and the constant Z = g
IV. HIDDEN VECTOR AND AXIAL-VECTOR DOMINANCE
The final topic to be considered here is whether the vector/axial-vector meson dominance is preserved in the covariant approach. The Lagrangian (34) has obviously vertices with direct emission of the gauge bosons by the quark-antiquark pair. Thus, there are two alternatives: either a gauge covariant description hides the dominance picture or the latter is not supported by the covariant approach. The case of the anomalous a 1 → γππ decay is a clear signal in favour of the second alternative. But what can one say about the non-anomalous processes?
To answer this question we will use gauge symmetry arguments. The SU (2) L × U (1) R gauge group acts on the quark fields by the following infinitesimal transformations
where q R = P R q, q L = P L q, and α and ω = ω i T i are the local parameters of the U (1) R and SU (2) L gauge transformations. Now, using the quark structure of bound states, we find that meson fields transform as follows
where the following new set of local parameters has been introduced
In these notations the gauge transformations remind us of the usual chiral laws, but with local parameters. The gauge covariant diagonalization does not change these properties. As a result, after diagonalization (9) the theory remains gauge invariant by construction. In the standard approach, the meson fields before diagonalization (1) transform covariantly, i.e., in accord with Eqs. (45)-(48) . However, the non-covariant diagonalization changes the laws for vector and axial-vector fields, keeping the transformations of spin-0 fields unchanged. So we obtain from (1)
These transformations still belong to the SU (2) L ×U (1) R gauge group. Indeed, the sequential infinitesimal transformations 1, 2, 1 −1 , 2 −1 corresponding to the commutator δ [12] = [δ 1 , δ 2 ] now acquire the form of primary transformations but with the parameters θ [12] and β [12] . It is straightforward to demonstrate that, as well as in the case of (45)- (48), these parameters obey the same group composition law iθ [12] 
(52) iβ [12] 
This is nothing else but the composition law of the SU (2) L × U (1) R group: iω [12] = [ω 1 , ω 2 ], and α [12] = 0. Therefore, the change of variables (1) in the functional integral (12) does not destroy the gauge invariance of the theory, but rather affects the transformation properties of the vector and axial-vector fields in the asymmetric vacuum. This means that, in this case, the non-anomalous part of the effective Lagrangian is also invariant under the action of the SU (2) L × U (1) R gauge group. Thus we have a compelling argument [based on the Chisholm-Kamefuchi-O'Raifeartaigh-Salam theorem] to conclude that both approaches are equivalent in their description of the processes governed by the non-anomalous part of the effective action. In other words, this means that a gauge covariant description hides the dominance picture of spin-1 mesons, but does not change the result.
There is an obvious, troublesome question. If covariant and non-covariant approaches are equivalent for the non-anomalous interactions, why do they differ in the case of anomalies? We expect that the answer is hidden in the different transformations of spin-1 states and requires the study of the general solutions of the WessZumino anomaly equation with spin-1 mesons to be consistently incorporated. No real resolution of this issue will be proposed here.
Nonetheless, we wish to emphasize the importance of the non-VMD interactions for anomalous processes by using the well studied case of a 1 → γπ + π − decay [19, 20] . In this decay, only anomalous vertices are responsible for emission of the single photon: a 1 ρ 0 γ, ρ ± π ∓ γ and the quark box diagram a 1 γπ + π − . In both the standard and the covariant approaches these vertices are of the VMD type. As a result, both approaches give the U (1) gauge symmetry breaking result for the amplitude. However, the covariant approach, due to nonlinear interactions induced through the replacement (9), possesses the additional anomalous non-VMD triangle diagram with emission of the photon together with the pion in one of the vertices. This solves the gauge invariance problem for the amplitude. This example shows that in the anomalous sector the covariant approach may essentially deviate from the VMD picture. Hence, these two approaches are not entirely equivalent.
V. CONCLUSIONS
In this paper we have presented a novel covariant approach to the problem of pseudoscalar -axial-vector diagonalization of the effective meson Lagrangian with electroweak interactions included. We have shown that covariant frameworks do not destroy the standard chiral and gauge transformations of the fields, but add new vertices to the effective Lagrangian. These new interactions give rise to a deviation from the vector and axial-vector meson dominance picture, i.e., the theory together with the typical vector/axial-vector dominance diagrams contains also the diagrams that describe the direct emission of gauge particles by the quark-antiquark pair.
Special attention has been given to the question of gauge symmetry conservation in the standard noncovariant approach. We have obtained the corresponding transformation laws for vector and axial-vector fields to prove that this approach possesses the property of electroweak gauge invariance after the p−a µ diagonalization.
The non-anomalous part of the effective action has been studied in detail. By invoking the ChisholmKamefuchi-O'Raifeartaigh-Salam theorem and gauge symmetry arguments we have argued that the covariant approach is equivalent to the standard non-covariant one, provided that only non-anomalous interactions are considered. Thus, in this specific case, a switch to covariant or non-covariant description does not alter the S-matrix. This leads us to conclude that the covariant version hides the spin-1 mesons dominance picture of electroweak interactions, without changing the physical [on mass shell] content of the theory.
One of the interesting future applications of the obtained theory is the study of its anomaly sector. Our previous investigations have shown that new non-VMD contributions arising in the covariant approach are responsible for the restoration of the gauge symmetry for the a 1 → γπ + π − decay amplitude, which is not gauge invariant in the non-covariant approach. It would be also important to clarify the role of the new contributions, which originate in the weak sector and induce deviations of the theory from the axial-vector dominance of the charged hadronic current.
Furthermore, one should mention that the extension of the chiral group to the SU (3) L × SU (3) R case will allow us to apply the idea of gauge invariant p − a µ diagonalization to the strange quark physics.
